Mind the
Attilio Brighenti, Cristian Vanzin and Riccardo
Giolo, S.A.T.E. S.r.l., Italy, outline some traps to
be avoided in the dynamic simulation of gas
compression systems*.

T

his article highlights some often neglected problems
related to numerical methods used in computer based
dynamic simulations. If not addressed, these can
impair the validity and usefulness of such studies, which
are becoming fundamental to the correct design of complex
plants and processes.
Physical dynamic systems, such as compression systems, can be described by a set of ordinary differential
equations (ODE), making up the model describing the
mutual interactions among their various parts or subsystems. These ODEs are generally of non linear type, by
nature of process thermodynamics, machine mapping,
valves and pipes flow dynamics. While ODE linearisation

may be applied for preliminary control tuning purposes, the
system’s non linear behaviour cannot be neglected if a suitable design verification or realistic operational and extreme
rating values for components are to be obtained or, above
all, in checking the procedures for operational transients.
Since ODEs can rarely be solved by analytical solutions,
numerical techniques are state of the art.
Dynamic simulation software products often use the
Euler method, but the study below shows that this type of
ODE solver is unsuitable for the simulation of fast transients
generated in typical compressors design case scenarios.
Numerical instabilities or large error propagations in long
simulation runs may occur, the latter being more subtle as
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simulations are often performed after a one off validation,
based on steady state or smoothly varying cases, in which
these problems are not apparent.
However, these limitations do not apply to software
products2 - 5 that rely on a wide library of ODE solving algorithms9, which can be selected according to the specific
characteristics of the system to be modelled.

The example case system

The compression system used for this study (Figure 1)
reflects a typical real case. It includes one stage compressor, fed by dry gas coming from a separation unit (SEP)
through a line (KL) going to a suction drum (SD). The

discharge stream is cooled by a heat exchanger, generally
either air or water cooled, and delivered to the downstream
destination.
Distributed losses are lumped to concentrated elements
including, by compounded equivalence, the losses due to
the valves positioned between the volumes connected by
their respective lines. The lumped volumes themselves
include the main equipment volumes and that of the lines
connected to them, by appropriate aggregation criteria:
l Valves are considered as the boundary between the
piping volumes to be lumped on the respective sides, in
addition to the vessels volumes.
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Figure 1. Basic gas compressor unit PFD with lumped elements.

feed) and the gas state and
composition therein; the
back pressure at the plant
outlet and flare system
(not shown in Figure 1);
the process valves; and
performance controller set
points. All the other conditions are referred to internal states of the system, in
particular the surge control
input error or its equivalent
proximity to surge variable,
which is dynamically associated to the compressor
speed and its suction gas
conditions.

Dynamics and stiffness

Figure 2. Eigenvalues (s-1) and their damping
factors (dimensionless), based on linearisation at
two typical steady states of the system of Figure 1.
l Long pipelines between subsequent equipment volumes are broken down into split volumes interconnected by lumped loss elements yielding the same
pressure loss.

l Two antisurge lines allow respectively control (FV)
and protection (HBPV) from surge. The former is a
controlled valve, the other is an on/off valve, activated
only under power loss or emergency shutdown (ESD)
events.

The simulation model includes a complete implementation of state of the art antisurge and performance
controllers, with suction pressure master controller and
discharge pressure override. The external boundary
conditions, which can be time dependent, are in this
case: the inlet mass flow rate (i.e. the separated gas

Despite the non linear nature of compression system ODEs, some considerations regarding a linearised
form of a model can help in understanding results and
dynamic patterns of a simulation and the problems associated with the solution of the set of ODEs by numerical
algorithms.
The concepts of eigenvalues and eigenvectors1,6 can
then be applied to a linearised form of the system, as derived
by Taylor 1st order approximation, to interpret its oscillating
patterns (for example, of flow exchanges between adjacent
vessels and of their pressures). The eigenvalue structure
is also useful to describe one important characteristic that
affects the choice of the numerical algorithm to solve the
set of ODEs: the stiffness ratio (SR).
Figure 2 shows the eigenvalues and SR for the compression system of the example case. The SR of a system,
or ‘problem’, is defined as the ratio between the maximum
and the minimum absolute eigenvalue of the overall system state matrix, as derived by linearisation about a given
state. Since the eigenvalues can be either real or complex,
a problem is stiff when either the time constant for different
phenomena have very different magnitudes or when the
system’s natural frequencies span a wide spectrum.
In other words, for a stiff problem, solutions can change
on a time scale that is very short compared with the interval
of integration, but either the solution of interest changes on
a much longer time scale or, during a simulated time span,
fast and slow changing phenomena, are of interest along
different time intervals.
This occurs, for example, in the case of simulations of a
driver ESD in a compression system, during which, initially,
it is important to obtain a high accuracy and a fine time
resolution (at millisecond scale) to evaluate the response
of the surge protection system and the fast dynamics of
the rotating driveline and flows through check valves.
Meanwhile, at the end of the transient, it is important to
obtain reliable values of the settling out pressures and
temperatures, which vary slowly in that phase.
As a general rule, the following values can be taken to
characterise a problem stiffness as function of the SR7:
l SR ≈ 20 non stiff.
l SR ≈ 103 stiff.
l SR ≈ 106 very stiff (Figure 1 and Figure 2).

Among the various ODE solver algorithms, some are
most suited for stiff problems and less efficient for non stiff
ones and vice versa. However, it is important to note that
for non linear systems the eigenvalues and the stiffness
ratio can change considerably along with the simulation
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and are not entirely predictable, particularly when systems
are complex and with important non linearities.

Fixed or variable time step ODE
solvers?

SATE’s COMPSYS™ simulation suite2 - 5 is based on the
TheMathworks Inc.’s MATLAB®/SIMULINK® platform, which
features a vast choice of ODE solvers and relevant setup
options, of two types: fixed step and variable step6,8,9.
Both types of solvers compute the next simulation time
as the sum of the current simulation time and a quantity
known as the step size.
With a fixed step solver, the step size remains constant
throughout the simulation. By contrast, with a variable step
solver, it can vary from step to step, depending on the model’s dynamics. In particular, a variable step solver reduces
the step size when a model’s states are changing rapidly
to maintain accuracy and increases the step size when
the system’s states are changing slowly in order to avoid
many unnecessary steps. Variable step solvers can also
cope with the change of the problem stiffness when system
states vary greatly along a simulation.
Among the fixed step solvers, the two following ones
are available in SIMULINK®:

Figure 3. Numerical stability domain of the
product lit for the Euler method ODE solver.

l Implicit Euler solver1.

l Fourth order Runge-Kutta (RK4)6.

Fixed time step solvers are often used either for real
time applications or for ease of implementation in many
commercial process simulators. Any of the fixed step
continuous solvers can simulate a model to any desired
level of accuracy, given enough time and a small enough
step size. Unfortunately, it is not often possible to decide
a priori which solver and step size combination will yield
acceptable results for a model’s continuous states in the
shortest time. Determining the best solver for a particular
model normally requires numerical experimentation9, which
is possible only if the simulation software product was provided with this flexible feature.
The above two limitations, particularly the unknown a
priori maximum step size for achieving accuracy, generally
make fixed step solvers unsuited for dynamic simulation
studies, for which real time features are not necessary.
Variable time steps do not have such limitations, reducing the step size at the zero crossing of any state variable or input, such as close to valves opening or closing
instants, actuators end stroke, change of state of the fluid,
control maps or lines discontinuities, etc.

Solution error and numerical
instability

Besides rounding errors, the solution of the ODE set can
be affected by either local or global truncation errors.
The former is the relative error of the solution vector, with
respect to the theoretical one (whether known by analytical
methods or not) at each time step. The other is the result
of the accumulation of the local errors from the start of the
simulation to any given subsequent time, the solution vector being the most regular function of the preceding states
or results.
In an initial value problem, like all simulation tasks
requested to study dynamic processes, the global error has
the greater importance the longer the simulated time is. In
mathematical terms, with reference to fixed step solvers, if
O(τn) is the order of infinitesimal of the algorithm local error,
and if N = T/τ is the number of small step size τ of a simulation in a time period T, the global error eg is given by:

Figure 4. Operating point path across the
compressor map (zoom). Fixed step (blue) by
t = 0.010 s vs. variable step solver (magenta).
Above: Runge-Kutta; below: Euler.
eg ∝ N*O(τn) = T/τ O(τn) = T*O(τn-1)

The explicit (or forward) Euler solver has a local error
of order two O(τ2) but, consequently, a global error of order
one, thus it is referred to as a first order algorithm6.
The above mentioned implicit (or backward) Euler algorithm has a local error of order three O(τ3), thus a global
error of order two, and is referred to as a second order
algorithm. The Runge-Kutta formula can have various
orders, among which the most popular is the fourth order
one above mentioned, which has a local error of order five
O(τ 5) and a global error of order four TO(τ4), also proportional to the simulated time.
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It is obvious that, in order to keep the global error as limited as possible for a given simulated time T, the local truncation error must be limited, as this causes the global one
to grow in an unpredictable way, being impossible to state a
priori whether the local errors at each subsequent step will
partially cancel out, by alternated, sign or accumulate.
In order to limit the local error, it is necessary to use a
high order solver and/or a small step size1, trading off in
view of the computational load if necessary.
The same criterion of using small step size to limit the
errors applies to prevent numerical instability, although
each algorithm has different characteristics. Numerical
instability in the solution of ODEs occurs when results of
subsequent time steps diverge and show oscillating patterns not corresponding to or unrealistically interacting with
the system’s physical behaviour. However, this must be
meant relatively to the dynamic characteristics of the system, i.e. to its tendency to quickly react to changing exogenous input conditions or to approaching internal constraints
(e.g. control system laws and conditional switches).
In mathematical terms, if the system is linearised around
any given state during the simulation and its state space
matrix (A) is calculated, all the products of the step size τ
by the absolute value of each eigenvalue λi of the system
(i.e. of matrix A), must fall within a given stability domain of
the complex plane, which is characteristic of the algorithm
used1. For the forward Euler method, this region is a circle
of unit radius having centre in the point 0,-1 (Figure 3).
In qualitative terms, the higher the eigenvalues (or
natural frequencies/time constants of the system around a
certain state), the smaller the step size shall be, in order to
achieve numerical stability for the solution.
Therefore, the choice of the step size for a fixed step
solver must be taken with both accuracy and instability in
mind.
The smaller the step size and the higher the order of the
algorithm, the greater the computational load and time to
execute the simulation, and the larger the file generated to
store the results will also be (or the communication system
load, if input/output signals are transferred in real time to
a display or to another computing platform, e.g. for post
processing or analysis).
This can be limited by decimating the results transferred
to the file or the communication system, i.e. by sampling
one value every preselected number of steps. This maintains the correct accuracy and stability of calculation while
limiting the output size. However, the recorded or displayed
signal resolution is also reduced accordingly, which is
acceptable only if the high frequency patterns of the signals
are of no interest.
Among the fixed step algorithms, the fourth order
Runge-Kutta yields the best compromise between computational load and accuracy and is considered state of the
art for fixed step solvers.
Having explained the problems associated with fixed
step solvers, the advantage of variable step solvers is
evident. They are able to recognise situations where the
input conditions (e.g. set points or boundary conditions)
change rapidly and the states cross constraint borders that
require a reduction of the step size to achieve the intended
accuracy and stability. This adaptive characteristic avoids
maintaining a very small step size along the whole simulation, with the consequent calculation and file size or communication overhead.
Indeed, with variable step solvers, it is easy to have
step sizes of 10-6 s or smaller for some very short intervals,
typically on occurrence of valves opening or forces and
torques/commands discontinuities, followed by step sizes

of 10-2 s or longer, depending on the simulated system.
It is for the above considerations that variable step solvers must be preferred for offline calculations, in particular
for the dynamic simulation studies that are increasingly
common in the system design process.

Real time simulators

While offline simulators are frequently applied for study or
non real time diagnostic purposes, truly real time programs
are ever more common in operator training and rapid prototyping purposes, e.g. for controllers developments and
pretuning.
Fixed step solvers are used when it is necessary to
guarantee the completion of all computing tasks within a
given amount of time. Variable step solver a priori neither
guarantee to complete the computational task within the
schedule at each time step, nor a constant solving speed,
as they will accelerate and slow according to the local condition of the problem.
Given this forced path through fixed solvers, a difficult
compromise is needed under real time constraints. On one
hand higher order solvers should be used for stiff or widely
varying dynamics models; on the other hand, these solvers
require additional computation time. Thus the additional
computation time could force the use of a larger step size,
which can diminish the improvement of accuracy initially
sought by the higher order solver.
As mentioned above, the stiffer the equations, (i.e.,
the more dynamics in the system with widely varying time
constants), the higher the order of the method to be used.
Model order reduction techniques1 may be used for linear
systems but not for non linear ones, and a case by case
approach is needed to reduce the system stiffness to cope
with solver efficiency, accuracy and hardware platform
speed.
In practice, this trade off could imply that the simulation
of very stiff equations is impractical for real time purposes
except at very low sample rates. Therefore, fixed step size
integration is checked against stability and accuracy for the
specific application through comparison with variable step
solvers, before implementing the model for use in real time
simulators.
This demonstrates why commercial process dynamic
simulation software, developed in view of a real time objective, may fail on accuracy and stability when used under
severe dynamic conditions for dynamic simulation studies.

Notes
¨

Part 2 of this article, which will appear in the May issue of Hydrocarbon
Engineering, will show this theory in action by detailing some practical
examples of these problems.
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